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1. INTRODUCTION 
In  the  des ign  o f  a l a rge  s t ruc tu re ,  whe the r  i t  be intended for  use 
a s  a i r c r a f t ,  s p a c e c r a f t ,  s e a - g o i n g  v e h i c l e ,  l a n d  c r a f t ,  - o r  a s t a t i o n a r y  
s t r u c t u r e ,  a n  i m p o r t a n t  s t e p ,  i f  i t  i s  t o  be s u b j e c t e d  t o  a dynami'c 
load environment, is the  de te rmina t ion  of  the  response  , which may be a 
d ' i sp lacement ,  acce le ra t ion ,  or  strees, o f  t h e  s t r u c t u r e  t o  t h e  dynamic 
loads.  From a knowledge  of  the  dynamic  response a t  v a r i o u s  l o c a t i o n s  i n  
t h e  s t r u c t u r e ,  t h e  v i b r a t i o n  o r  stress s p e c i f i c a t i o n s  t o  which the payloads 
o f  t h e  s t r u c t u r e  i t s e l f  a r e  s u b j e c t e d  t o  may be  determined.  Uncertainty 
i n  t h e s e  s p e c i f i c a t i o n s  may wel l  l ead  to  overdes ign  and  increased  weight  
and c o s t  o r  t o  u n d e r d e s i g n  and i n c r e a s e d  p r o b a b i l i t y  o f  f a i l u r e .  
The ascer ta inment  of  this  dynamic response of ten involves  the experi-  
mental  determinat ion of t h e  c h a r a c t e r i s t i c s  o f  t h e  s t r u c t u r e  s u b j e c t e d  t o  a 
concent ra ted   o r   d i s t r ibu ted   load   which   var ies   s inusoida l ly   in   t ime.   Suppose  
t h e  s t r u c t u r e  may be  convenient ly  d iv ided  in to  two s u b s t r u c t u r e s ,  a s  i n -  
d i c a t e d   i n   f i g u r e  1.1. I f  t h e  e x c i t a t i o n ,  which is taken   to   be  a concentrated 
fo rce  fo r  ehe  pu rpose  o f  i l l u s t r a t ion ,  is be ing  app l i ed  to  subs t ruc tu re  A 
a t  p o i n t  1 and i f  t he  r e sponse  is  being measured a t  p o i n t  2 ,  a l s o  on  sub- 
s t r u c t u r e  A ,  then i t  is  r easonab le  to  expec t  fo r  exc i t a t ion  f r equenc ie s  
s u f f i c i e n t l y  h i g h  and f o r  p o i n t s  1 and 2 s u f f i c i e n t l y  d i s t a n t  from t h e  i n t e r -  
face between substructures  A and B y  t h e  r e s p o n s e  a t  p o i n t  2 w i l l  be in- 
dependent   of   substructure  B. That i s ,  t he  dynamic c h a r a c t e r i s t i c s  of sub- 
s t r u c t u r e  A ,  f o r  some frequencies  and points  of  exci ta t ion and response,  . 
w i l l  not  be  changed i f  s u b s t r u c t u r e  B i s  detached  from A. The de termina t ion  
of  the condi t ions for  which the dynamic response of  a subs t ruc tu re  i s  
independent of i ts  end  condi t ions  could  subs tan t ia l ly  reduce  the  complexi ty  
W 
v) 
7 
0 
[L 
cb) 
W 
E 
B 
INTERFACE 
\B ATTACHED TO A 
FROM A 
FREQUENCY 
Figure 1.1 Dynamic Response of a S t ruc tu re .  
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and hence the cost  of  the experimental  evaluat ion of  the dynamic character-  
i s t ics  o f  t h e  s u b s t r u c t u r e ,  e s p e c i a l l y  i f  t h e  s u b s t r u c t u r e  is  only a smal l  
p a r t  o f  t h e  t o t a l  s t r u c t u r e .  
The ef fec ts  of  changing  end  condi t ions  of a. s t r u c t u r e  on the dynamic 
response qui te  obviously depends on what i s  meant by "dynamic response". 
The response- f requency  p lo t  shown i n  f i g u r e  1.1 i l l u s t r a t e s  t h e  change i n  
the displacement measured a t  p o i n t  2 f o r  a n  e x c i t a t i o n  a t  p o i n t  1 i f  t h e  
subs t ruc tu re  B i.s detached from A. The change i n  t h e  r e s p o n s e  a t  a given 
frequency may be a t t r i b u t e d  t o  a combina t ion   of   th ree   fac tors .   F i r s t ,  a 
change i n  end  conditions w i l l  change   the   na tura l   f requencies .   I f   the  
o r ig ina l  r e sponse  is a t  a -na tura l  f requency  of  the  combined s t r u c t u r e ,  t h e n  
even a s l i g h t  change in  na tu ra l  f r equency  may r e s u l t  i n  a l a rge  dec rease  in  
response  because  the  response  of A i s  n o t  e v a l u a t e d  a t  a resonance.  Secondly,  
the normal mode shapes  of  the  s t ruc ture  w i l l  change i f  t h e  end conditions 
a r e  v a r i e d .  I f  e i t h e r  p o i n t s  1 o r  2 a r e  near  a node o f  t h e  o r i g i n a l  s t r u c t u r e  
or  the  modi f ied  one ,  the response may change s u b s t a n t i a l l y  w i t h  o n l y  a small  
change in   t he  mode. Thi rd ly ,   there  is ano the r   f ac to r  which i s  n o t  a s  e a s i l y  
i d e n t i f i e d  a s  t h e  f i r s t  two but  which i s  r e l a t e d  t o  t h e  g e n e r a l i z e d  mass 
and  the  general ized  force  of   the  modes o f  t h e  s t r u c t u r e s .  It i s  t h i s  t h i r d  
f ac to r  w i th  wh ich  th i s  r epor t  is concerned. 
I f  i t  is  d e s i r a b l e  t o  e v a l u a t e  t h e  dynamic response under the most 
un favorab le  c i r cums tances ,  t hen  the  f i r s t  two f a c t o r s  may be el iminated by 
r e q u i r i n g  t h a t  "dynamic response" refer to the resonant response a t  a n  a n t i -  
node.  Under th i s   l imi t ed   de f in i t i on ,   t he   change   i n  "dynamic  response"  does 
n o t  r e f e r  t o  t h e  c h a n g e  i n  r e s p o n s e  a t  p o i n t  2 due t o  a n  e x c i t a t i o n  of 
frequency w a t  p o i n t  1 bu t  r a the r  t he  change  in  maximum response due to  an 
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e x c i t a t i o n  whose frequency and whose posit ion maximizes the response.  It 
is  in  th i s  l imi t ed  sense  tha t  t he  p rob lem o f  de t e rmin ing  the e f f e c t  o f  e n d  
condi t ions on the dynamic response ehall  be approached. 
There is a s u b s t a n t i a l  body of p u b l i s h e d  l i t e r a t u r e  on the forced 
v ib ra t ion   o f   s t ruc tu res .   Re fe rences   [ l -203   a r e  a r e p r e s e n t a t i v e  b u t  n o t  
complete l i s t  of  such  s tudies .  Most o f  t h i s  work h a s  d e a l t  w i t h  t h e  
response  of  var ious  types  of s t r u c t u r e s  s u b j e c t e d  t o  d i f f e r e n t  t y p e s  o f  
loading but have only incorporated simple boundary conditions (such as 
s imply-supported,   c lamped,   or   f ree) .  However  Gayman [17] s tud ied   t he  
e f f e c t  o f  i n t e r f a c e  f l e x i b i l i t y  on the  response  of  A f o r  e x c i t a t i o n  a p p l i e d  
a t   t h e   i n t e r f a c e .  White.[18] p resen ted   f r equency   cha rac t e r i s t i c s   fo r  beams 
w i t h  e l a s t i c  and i n e r t i a l  end r e s t r a i n t s  and s tudied the response of  a 
simply-supported beam wi th  symmet r i c  ro t a t iona l  cons t r a in t s  exc i t ed  by a 
harmonic   t rave l l ing   p ressure  wave.  White a l s o   d i s c u s s e s   t h e   n a t u r a l   f r e -  
q u e n c i e s  o f  r e c t a n g u l a r  p l a t e s  w i t h  e l a s t i c  a n d  i n e r t i a l  e d g e  r e s t r a i n t s .  
h a n g  e t  a l .  [19,20] studied the design of simulated boundary conditions 
t o  a c h i e v e  s i m i l a r i t y  i n  t h e  dynamic response of shell  structure-mounted 
components. 
The r e s u l t s  o f  a p rev ious  inves t iga t ion  [21] of the effects of boundary 
condi t ions  on the  forced  v ibra t ion  of  a p l a t e  may be  summarized as  fo l lows:  
The m o s t  i m p o r t a n t  r e s t r a i n t  i n  a n  e l a s t i c  e n d  s t r u c t u r e  i s  the 
r e s t r a i n t   o f   l i n e a r   d e f l e c t i o n s .  The i n f l u e n c e   o f   r o t a t i o n a l  
r e s t r a i n t s  on  the  d isp lacements  in  the  p la te  i s  conf ined  to  a 
region near  the boundary even for  the lowest  mode o f  v i b r a t i o n .  
The p o i n t  o f  a p p l i c a t i o n  o f  t h e  l o a d  may have a s u b s t a n t i a l  
e f f e c t  on  the  response.  This is  pr imar i ly   due   to   the   second 
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fac tor  ( the  change  in  the  normal  modes o f  t he  s t ruc tu re )  
mentioned above. 
(3 )  The l i n e a r  r e s t r a i n t  o f  t h e  e l a s t i c  end s t f u c t u r e  s t r o n g l y  
inf luences  the  response  of  the  lowes t  mode o f  v ib ra t ion  bu t  
i t s  inf luence  i s  confined nearer  the boundary ,as  the fre-  
quency of the mode increases .  
The p r e s e n t  r e p o r t  is  conce rned  wi th  the  e f f ec t  o f  a l i n e a r  r e s t r a i n t  
on the displacement  response of  a s t r u c t u r e  . e x c i t e d  by a loading  wi th  a 
simple  harmonic time v a r i a t i o n .  Two p a r t i c u l a r  problems are   cons idered:  
(1 )  t ha t  o f  a uniform beam, one  end f r e e  and t h e  o t h e r  e l a s t i c a l l y  s u p -  
ported,   exci ted  by a spat ia l ly   uniform  loading;   and (2)  t h a t  o f  a uniform 
pla te ,  s imply  suppor ted  on th ree  edges  and  e l a s t i ca l ly  r e s t r a ined  on  the  
f o u r t h ,   e x c i t e d  by a concentrated  force.  I t  i s  demonst ra ted ,   in   bo th   cases ,  
t h a t  i t  is poss ib l e  to  e s t ima te  the  r ange  o f  maximum resonant  response  as  
defined above for a w ide  r ange  o f  e l a s t i c  edge  r e s t r a in t s  by a r e l a t i v e l y  
simple  procedure . 
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2. DYNAMIC RESPONSE  OF A UNIFORM  FREE-ELASTICALLY  SWPORTED BEAM EXCITED 
BY A UNIFORM  SIMPLE HARMONIC LOAD 
The o b j e c t  o f  t h i s  a n a l y s i s  is t o  s tudy  the  effects  o f  t h e  e l a s t i c  
p r o p e r t i e s  of a boundary s t ructure  on the resonant  response of  a  beam. 
The problem  goemetry i s  shown in  F ig .  2 .1 .  
The e n e r g y  d i s s i p a t i o n  i n  t h e  beam w i l l  be accounted €or by us ing  the  
"complex" e l a s t i c ,  modulus  concept. Thus  Young's  modulus f o r  t h e  beam is  
t aken  in  the  form 
* 
E = E (1 + i6)   (2 .1)  
where E - e l a s t i c  modulus 
5 - s t r u c t u r a l  damping cons tan t  
i - JT 
The equat ion  of a  beam loaded by a uni formly  d is t r ibu ted  s imple  
harmonic  .load i s  
where I ,  p ,  A a r e  t h e  moment of i n e r t i a  of t h e  c r o s s - s e c t i o n ,  d e n s i t y ,  and 
c r o s s  s e c t i o n a l  a r e a  o f  t h e  beam; P i s  the load per  uni t  length and w t he  
frequency of  t he   app l i ed   l oad .  Assuming a s o l u t i o n   i n   t h e  form 
w(x , t )  = W(x) e i w  t 
w i l l  t ransform  eqn. 2.2 i n t o  
where k = (PAW /E I)  2 *  
End Conditions 
The end  condi t ions  a re  taken  t o  be 
6 
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w(x,t) 
P d x  e i w t  
(I 1 M + z d x  I 
Q + - d x  a Q  a x  
Figure 2.1 Notation and Geometry of a  Free-Elastically  Supported  Beam 
Excited  by a Spatially  Uniform Load. 
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W S x x  = xxx = o  
z - 11 z12 
L w'x L2 
z2 1 z22 
Wsxxx= - L2 w'x + -  
w'xx 
- - -  " 
L 3 
f o r  x = 0 
f o r  x = L 
(2.5a) 
(2.5b) 
The q u a n t i t i e s  Z 11, Z12, Z21, Z22 a r e  nond imens iona l  s t i f fnes ses  o f  
t h e  s u p p o r t  s t r u c t u r e  and may be def ined as  fol lows:  
'11 E 1  
" - (Moment/unit   a gular  deflection) 
x=b 
L2 Z12 = -
L2 
E 1  
(Moment/unit  deflection) x=b 
'21 E 1  
= -  (Ver t i ca l  Fo rce /un i t  angu la r  de f l ec t ion )  
x=b 
3 
z22 - " E1 ( V e r t i c a l  F o r c e / u n i t  d e f l e c t i o n )  x=b 
Thus Z and Z a r e   r o t a t i o n a l  and l i n e a r   s t i f f n e s s e s ,   r e s p e c t i v e l y ,  and 
Z12,  Z21 a r e   s t i f fnes ses   coup l ing   l i nea r   and   ro t a to ry   d i sp l acemen t s .  It 
is assumed tha t  these  s t i f fnesses  a re  independent  of  f requency .  
11 22 
If i t  i s  f u r t h e r  assumed t h a t  t h e  s u p p o r t i n g  s t r u c t u r e  is e l a s t i c  and 
obeys B e t t i ' s  law,  then it may be shown t h a t  Z 12 = ZZ1. To demons t r a t e  t h i s  
f i r s t  i n v e r t  e q n s .  2.5b. 
z22L  Z12L2 
[-z21L2 -zllLj { 1 
Since  the  moment and  shear  force  a t  the  end  of  the  beam a r e  
M(L) = EIW ,xx (L) 
V(L) = -EIWy (L) xxx 
8 
r -  
eqn.  2.6 may be w r i t t e n  
1 
E1(Z12 z21 - 5 1  z22) 
Bet t i ' s  Law r e q u i r e s  t h e  d e f l e c t i o n ,  WlY due t o  a moment, M1, (but  zero 
shear  force)  appl ied  to  the  boundary  s t ruc ture  and  the  s lope ,  (Wyx)2 ,  due t o  
a shea r  fo rce ,  V 2 ,  (bu t  zero  moment) app l i ed  to  the  boundary  s t ruc tu re  be 
r e l a t e d  by 
Eqns.  2.8 may be  mployed t o  c a l c u l a t e  W and  (W,x)2y  thus 1 
-Z21 LL M 
w, = 
1 
E1(Z12 z 2 1  - zll z22) 
( k X l 2  = 
-z L2 v 12 
E1(Z12 z21 - zll z22) 
Equation  2.9 i s  s a t i s f i e d   o n l y   i f  2 = Z21y a s  long  as Z 
which i f  n o t  t r u e  would  imply tha t  the  t ransformat ion  from f o r c e s  t o  d e f l e c t i o n  
12 12 z 2 1  - zll z22 + O S  
( i .e .   eqns.   2 .8)  is  s i n g u l a r  and t h i s  is disregarded on physical   grounds.  
The range  of  the  coef f ie ien ts  Z Z12' Z21 may be f u r t h e r  r e s t r i c t e d  11 ' 
i f  i t  is assumed tha t  t he  boundary  s t ruc tu re  is p a s s i v e ,  i . e .  i f  a f o r c e  o r  
moment is appl ied  to  the  boundary  s t ruc ture  energy  f lows  in to  the  s t ruc ture .  
I f  t h i s  is  the  case  the  work  done by those   fo rces  m u s t  be p o s i t i v e .  The 
work  done by the boundary forces  act ing on the boundary s t ructure  is  
(2.10) 
- -  I 
and combining eqns. 2.5b and 2.7 
= -E1 
L 
S u b s t i t u t i n g  e q n .  2.‘11 i n t o  2.10 y i e l d s  
(2.11) 
A necessary  condi t ion  for  Jr  t o  be p o s i t i v e  is  tha t  t he  de t e rminan t  o f  t he  
ma t r ix  in  eqn  2 .12  be  pos i t i ve  thus  
2 
zll z22 ’ z12 (2.13) 
It should be noted that eqn. 2 .13 p e r t a i n s  t o  e l a s t i c  s t r u c t u r e s  e x h i b i t i n g  
no  dynamic e f f e c t s ,  i .e. zll’ 212’ Z22 are  independent  of  frequency. 
Beam Response 
The g e n e r a l  s o l u t i o n  of eqn. 2 . 4  i s  
W(x) = C s i n  kx + C cos  kx + C s i n h  kx + C cosh kx - Q k (2.14) -4  I 2 3 4 
The cons tan ts  C1 - C4 may be evaluated by r e q u i r i n g  e q n .  2 . 1 4  t o  s a t i s f y  
the  boundary  conditions  eqns.   2.5.   Equations 2.5a r e q u i r e   t h a t  
c2 = c4 
c1 = c3 
Thus eqn.  2.14 may be reduced t o  
W(x) = C ( s i n  kx + sinh  kx)  + C2 (cos  kx + cosh  kx) - Qk-4 (2.15) 
Subs t i t u t ing  eqn .  2 .15  in  eqns .  2 .5b  r e su l t s  i n  
1 
10 
where 
Dll  = S-s + (Zll/kL) (WC) + (Z12/k L ) ( S + S )  
D12 = C-c + (Zll/kL) (S-s) + (Z12/k L ) (C+c) 
2 2  
2 2  
2 2  D21 = C-c - (Z21/k L ) (C+C) - (Z22/k L ) (S+S)  3 3  
D22 = S+S - (Z21/k L ) ( S - S )  - (Z22/k L ) (C+C) 2 2  3 3  
F1 = + (Z12/k L ) Qk- 
F2 = - (ZZ2/k L ) Qk 
2 2  4 
2 2 -4 
s = s i n  kL 
c = cos kL 
S = s i n h  kL 
C = cosh kL 
The so lu t ions   t o   eqn .  2 . 1 6  a r e  
(2.16) 
(2.17) 
(2.18) 
I f  6 = 0 ,  D i s  the frequency determinant  f rom which the natural  
f requencies  may be determined. 
The resonant  response of  the beam may be calculated by f i r s t  computing 
the  va lues  of  kL which s a t i s f y  
D = O  
f o r  5 = 0. Then eqn. 2.17,  2.18 and 2.15 may be  evaluated  using a nonzero 
va lue   fo r   t he  damping f ac to r   o f   t he  beam. Note t h a t  i f  t h e  Z ' s  a re   t aken  
i j  
11 
t o  be real  q u a n t i t i e s  i t  is i m p l i c i t y  assumed t h a t  t h e  damping f a c t o r  of 
the  boundary  s t ruc ture .  is  equal  t o  5 .  If the  boundary  damping  factor is 
n o t  e q u a l  t o  5 bu t  i n s t ead  a, t h e  Z i j  ' s  must be modified according to 
(2.19) 
where Z '  i s  the   boundary   s t i f fnes s   fo r   ze ro  damping. i j  
Figure  2.2 shows t h e  v a r i a t i o n  o f  kL (which i s  p ropor t iona l  t o  the  
squa re  roo t  o f  t he  na tu ra l  f r equency)  fo r  t he  mth lowest resonance over a 
w i d e  range of values  of Z 22. For t h i s  p l o t  Z l l ,  Z12 and Z a r e   z e r o ;  
thus the end cond i t ion  may be represented by a mass l e s s  l i nea r  sp r ing  as 
shown a t  the  top  of  the  f igure .  
21 
Figures 2.3,  2.4 and 2.5 show the  resonant  response  of  the  beam as a 
func t ion   of   pos i t ion   a long   the   l ength  of the beam. The damping f a c t o r s  
f o r  t h e  beam and the  supports  were  both  taken  to  be  0.01. The response 
a t  the  lowest and second  lowest  resonances  (figures  2.3 and 2 .4)   for  Z Z 2  
l a rger   than  l o 4  i s  e s s e n t i a l l y  t h e  same as t h a t  f o r  Z22 = 10 . The 
d imens ionless  response  p lo t ted  in  these  three  f igures  i s  
4 
W' =!?A$ I w l  (2.20) 
Figure 2.6 shows the peak dimensionless  displacements  plot ted as  a 
func t ion   of  2 for   the  lowest   four   esonances.  Note tha t   for   the   lowes t  
resonance and 2 < 10,  the maximum displacement   occurs   a t   x /L = 1 and 
i s  not a r e l a t i v e  maximum i n  t h e  s e n s e  t h a t  t h e  s l o p e  is zero.   For   the 
second,  th i rd ,  and four th  resonances ,  the  maximum a t  x / L  = 1, i f  i t  
e x i s t e d ,  was ignored and o n l y  t h e  r e l a t i v e  maxima were   p lo t ted .   Also   for  
22 
22 
the  h igher  resonances ,  there  of ten  i s  more than  one  r e l a t ive  maximum, but 
as i s  shown i n  s e v e r a l  c a s e s  i n  f i g u r e  2 . 6 ,  t h e  maxima a r e  n e a r l y  e q u a l .  
12 
15 
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Figure 2.2 Dimensionless  Wave  Number  as  a  Function of Boundary  Stiffness 
for a  Free-Elastically  Supported Beam. 
13 
1.0 rw' z,, =z,2 = z2, = 0 
5 = a = 0.01 
m =  I 
Figure 2.3 Resonant  Response of a  Free-Elastically  Supported Beam- 
Fundamental  Mode. 
I 
0.5 
0 
- 0.5 
z,,  =z,2 ' Z ~ , ' O  
5 = a = 0.01 
m = 2  
E 
Figure  2.4 Resonant  Response of a Free-Elast ica l ly   Supported Beam - Second 
Mode. 
0.3 Zll = z12= z2, = 0 
c =  a = 0.01 
m =  3 
- 0.3 
Figure 2.5 Resonant Response of a  Free-Elastically Supported  Beam-Third 
Mod e. 
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Figure 2 . 6  Maximum Resonant  Resuonse a s  a Function of Boundarv S t i f f n e s s  for  
. 
a Free -Elas t i ca l ly  Supported  Beam. 
Note tha t  t he  peak  d i sp lacemen t s  fo r  t he  th ree  h ighe r  modes (m = 2 , 3 , 4 )  
shown i n  f i g u r e  2.6 approach a common va lue   a sympto t i ca l ly  as 2 approaches 
zero.  It may be  shown by examining the normal mode solut ion discussed below 
tha t  t h i s  a sympto t i c  va lue  is  e q u a l  t o  t h e  s t r u c t u r a l  d a q p i n g  f a c t o r  6. 
The mode shape  fo r  t h i s  ca se  is a displacement which i s  p rac t i ca l ly  un i fo rm 
a long  the  beam and o u t  of phase with the loading. 
22 
Single  Term Normal Mode S o l u t i o n  
This same problem may be solved in  an approximate manner by using a 
normal mode 
p r e  t ing  the 
I f  t h e  
where 'p . (x) 
J 
4 
dx 
E 1  2 
where w i s  
s o l u t i o n  t o  
j 
approach. The r e su l t s   ob ta ined   l end  some i n s i g h t   i n t o   i n t e r -  
response  p lo ts  shown previously.  
response w(x, t )  is  expanded i n  a normal mode s e r i e s ,  i . e .  
P 
OD 
(2.21) 
i s  t h e  j t h  mode of  the  f ree  v ibra t ion  problem and s a t i s f i e s  
2 
= p A w  'p 
j 
the  j th na tura l  f requency ,  then  it  can be shown tha t  t he  
eqn.  2.2 is 
(2.22) 
where 
and 
L 
F = 1 f L  cp. dx 
j 3 
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(2.23) 
(2.24) 
I f  eqn.  2.22 is  eva lua ted  a t  the  mth resonance (W = u) ) and i f  F is m m 
n o t  small compared t o  t h e  rest  of F ' s  then the response may be approximated 
j 
by 
P A M ,  6 w; 
o r ,  i n  terms of   the  dimensionless   displacement  W' (see  eqn.  2.20) 
(2.25) 
The normal modes may be  determined  from  eqns.  2.15-2.18  by s e t t i n g  
Q = 0 .  Thus 
cpm(x) = s i n  k x + s inh  kmx + R (Cos. k x + cosh kmx) m (2.26) m 
where R = - D ~ ~ / D ; ~  = - D" / D ~  21 22 
and Dl l  D12, D:l DZ2 a r e   equa l   t o  D D~~~ D ~ ~ ,  D ~ (following  eqn.  2.16) 
e v a l u a t e d  a t  t h e  mth na tura l  f requency .  
m m  m 
11' 
It was 'shown i n  r e f e r e n c e  [ 211 t h a t  t h e  s t i f f n e s s e s  Z 11' z12 '  z21 
have l i t t l e  e f f e c t  on the frequencies  or  resonant  response o f  a p l a t e .  
Assuming t h a t  t h i s  i s  a l s o  t r u e  f o r  t h e  beam under  considerat ion,  zll' z12'  
z21 w i l l  be set  equa l   t o   ze ro   fo r   t he   r ema inde r   o f   t h i s   s ec t ion .  The 
q u a n t i t i e s  R, M, and F may then  be shown to  equa l  m 
R = - (S -S) / (C-C)  
= (l/kmL) { SC - C S  + f (SC-SC) + R(s+S) 2 Mm 
(2.27) 
+ R [kmL + '  (cS + sC) + 5 (SC + s c ) ] ]  2 (2.28) 
F = (l/kmL) [C-c + R(s-S)} (2.29) m 
19 
I 
where s = s i n   ( k  L) c = cos (k L) m m 
S = s i n h  (kmL) C = cosh  (kmL) 
The v a r i a t i o n s   o f  F M and t h e   r a t i o  F /M with   boundary   s t i f fness ,  m' m m m  
Z22,  a r e  shown i n  f i g u r e s  2 .7 ,  2.8,  and  2.9 for   the  four   lowest   resonances 
of   the beam. Note t h a t  t h e  v a r i a t i o n  i n  F accounts   for   the   major   par t   o f  
the  change  in W' (x*)  shown in  f igu re  2 .6 .  The v a r i a t i o n s  i n  M a r e  much 
s m a l l e r  e s p e c i a l l y  f o r  t h e  h i g h e r  modes, m 2 2. 
m 
m 
Since the peak resonant response is  o f  i n t e r e s t ,  i t  i s  necessary  to  
determine  the maxima of cp (x) .   Le t  x* be t h e  l o c a t i o n  o f  t h e  4 t h  a n t i -  
node of cp (x) counting from x = 0;  then xJr i s  the  root  of  
m ZJ 
m 4. 
cos(k  x*) + cosh(k x*) = R ( s i n ( k  x*) - sinh (k x*))  (2.30) m 4 .  m t  m C  m 4  
Combining  eqns.  2.26  and  2.30,  the  peak  values  of cp a re  seen  to  be m 
cpm(xi) = s in   (kmxi ) + s inh  (kmxx)  (2.31) 
- R (s inh(kmxi)  - s i n   ( k  x*)) 2 m 4  
Note t h a t  from f i g u r e  2 . 2  
(m-k)n kmL (m+k) n ;  m > 1 (2.32) 
For la rge  va lues  of  kL (say kL > 3rr/2), i t  may be shown t h a t  
R -  -1 + ~ ( - 1 ) ~   e - h L  (2.33) 
where -m S K S 0 
Subst i tut ing  eqn.   2 .33  into  2 .31,   g ives   the  fol lowing  approximate  peak 
values of cp m 
~ m ( x ~ )  - 2(1-K(-l)m e-kmL) sin(k x*) m 4  
. + 2K ( - l ) m  e-bL s inh (kmxt )  (2.34) 
The roots of eqn. 2.30 may be  wr i t t en  in  the  form 
20 
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Figure 2.7 Generalized Mass f o r  a Free-Elastically Supported Beam. 
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F i g u r e  2.8 G e n e r a l i z e d   F o r c e   f o r  a F r e e - E l a s t i c a l l y   S u p p o r t e d  Beam. 
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Figure  2.9 Rat io  of General ized  Force  to   General ized 
Mass f o r  a F r e e  E l a s t i c a l l y  S u p p o r t e d  Beam. 
kmxt = (4 - t )  'TI + A ;  4 = 1 ,2 ,  ... m-1 (2.35) 
The 
The 
l i m i t a t i o n  4 < m i s  necessary because x* > L f o r  some va lues  of 
q u a n t i t y  b i s  small and may be shown, by combining eqs. 2.30, 2.33, 
m 22' 
2.35 t o  be  approximated  by 
A = - (H1 + H2)/( (-1)' - + H2) 
where 
H~ = % f i  ~ ( - 1 )  e + e  & -kmL T T ( ~  - 4) 
(2.36) 
That A i s  small may be  established  from  eqn. 2.36. The extreme  values  of A 
occur  when K i s  a t  one of i t s  limits and may be shown t o  b e ,  f o r  4=l,  m=2 
( the  lowes t  mode t o  which  eqn.  2.35 is  app l i cab le )  
-0.013 A 0.063 
The e f f e c t  o f  A on cp(xl) may be approximated by combining eqns. 2.34, 
2.35 and 2.36 and neg lec t ing  terms of  order  exp  ( -2(4-%)1~) .  Thus 
cp(xt) - - JT (-1)' ( 1 + ~ ) - 2 e  (1-A) (2.37) 
The e f f ec t  o f  t he  boundary  s t i f fnes s ,  Z 2 2 ,  on the peak resonant d i s -  
placements, W'(x~), may be estimated using  eqns.  2.25,  2.37 and f i g u r e  
2.9.  For  example,  suppose  the  boundary  condition a t  x = L changes  from 
a s imple  suppor t  t o  an e las t ic  s u p p o r t  w i t h  f i n i t e  Z What w i l l  be  the 
e f f e c t  o n  t h e  r e s o n a n t  r e s p o n s e  f o r  m = 2? 
22' 
The response for  the s imply supported end may be evaluated by no t ing  
t h a t   f o r  Z = 10 , F /M = 0.20  from  figure  2.9.   Since - 2 f i  ICs 0, 
the   range   of  A (using  2.36) i s  -0.013 2 A 5 0.065.  Employing  eqn.  2.37, 
1.20 5 cp(x,*) g1.32, and  from  eqn.  2.25,0.24 W'(x,*) 2 0 ,264   fo r   t he  
simply  supported  end. The a c t u a l   v a l u e   f o r  W'(xl*) is  0.267 as shown i n  
f i g u r e  2.4. 
4 
22 2 2  
24 
The maximum response  of  the beam f o r  a r b i t r a r y  Z i s  p r o p o r t i o n a l  t o  22 
t h e  r a t i o  F2/M2 which reaches a maximum of 0.23 (see figure 2.9) for Z22 = 
6  x 10 . Since  the  maximum value  of  cp(x,*) = 1.32, the maximum resonant  
response W' (x,*) = 0.304. The  minimum resonant  response is ze ro  s ince  
F2/M2 4 0 as Z 0. I n  comparipon,  the  xact  values  for  the maximum 
and minimum resonant  responses  are  0 .29 and 0.01 as shown i n  f i g u r e  2.6. 
2 
22 
A comparison of the approximate limits of the peak resonant response 
ca l cu la t ed  as shown above to  the exact  limits determined from the solution 
p resen ted  in  the  p rev ious  sec t ion  and p l o t t e d  i n  f i g u r e  2.6 i s  shown i n  
t a b l e  2.1.  The lower  approximate limits are ac tua l ly   inaccura te   because  
t h e y   r e f l e c t   t h e   f a c t   t h a t  Fm i s  zero .  The assumption  that  F i s  not  small 
compared to  the  remainder  of  the F ' s  (see  paragraph  following  eqn.  2.24) 
i s  inva l ida t ed .  However, agreement  between  the  actual and approximate 
upper limits i s  s a t i s f a c t o r y .  
m 
j 
m 
2 
3 
4 
Table 2 .1  
Exact L i m i t s  
c (Figure  2.6) 
1 0.01 g W '  (x*) 0.29 .e 
Approximate L i m i t s  
0 5 W' (x*) 0.304 .e 
2 0.01 s W'(Xt)  0.22 0 S W'  (x*) S 0.234 
3 0.01 5 W'(xt) 5 0.18 0 S W' (x,) 0.207 
c 
Comparison of Exact L i m i t s  to Approximate L i m i t s  of the Resonant 
Response of a Free-Elas t ica l ly  Suppor ted  Beam. 
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3 .  DYNAMIC RESPONSE OF A RECTANGULAR  PLATE W I T H  AN ELASTICALLY  SUPPORTED 
EDGE. 
The equat ion 
homogeneous p l a t e  
D V w + PI& * 4  
where D = D ( 1  + * 
of  mot ion  for .  a r e c t a n g u l a r  t h i n - u n i f o r m  i s o t r o p i c  and 
acted on by a s i m p l e  h a m n i c  p o i n t  l o a d  i s  
= p0 6 (x - xo> 6 (Y - yo) e iwt (3.1) 
i 6 )  i s  a complex e l a s t i c  modulus, which accounts for 
e n e r g y  d i s s i p a t i o n  i n  t h e  p l a t e ,  5 i s  t h e  s t r u c t u r a l  damping f a c t o r  
assumed to be independent of frequency. 
The boundary conditions to be imposed  on  eqn.  3.1  are 
w (O,y, t )  = w ( x , o , t )  = w ( x , a ,  t )  = 0 
(3.2) 
w ,  ( o , y ,   t )  = w ,  ( x , o ,   t )  = w, ( x , a ,  t )  = 0 xx YY YY 
and,  on the fourth edge,  x = b 
-b3 [w,, + v w,  1 = b 2 Zll  w Y x  + Z12 b w 
YY 
+ (2-v) w ,  ] = Z12b w Y x  + Z22 w 
XYY 
(3.3) 
Equa t ions  3 .3  a re  an  ana ly t i ca l  r ep resen ta t ion  of an  e l a s t i c  edge  
r e s t r a i n t  a l o n g  x = b. The e d g e   r e s t r a i n t  .is n o t  a l l  i n c l u s i v e  i n  t h a t  
t he  moment pe r  un i t  l eng th  and  the  fo rce  pe r  un i t  l eng th  a t  p o s i t i o n  y 
a r e  assumed to  depend only on the displacement and slope a t  t h a t  same 
pos i t i on ;  whereas ,  i n  gene ra l ,  t he  moments and f o r c e s  a t  y would  be a 
funct ion of  the displacements  and s lopes  a long  the  en t i re  edge ,  
0 s y s a. Phys ica l ly ,   eqns .   3 .3   r ep resen t  a se t  of   c lose ly   spaced  and 
equa l ,  bu t  i ndependen t ,  po in t  e l a s t i c  suppor t s  hav ing  a l i n e a r  and a 
r o t a r y  r e s t r a i n t  and cross  coupl ing between l inear  and ro ta ry  mot ion .  
The parameters,  Z l l ,  ZI2 ,   Z22 are nondimens iona l   s t i f fnesses   per  
un i t  l ength  of  the  boundary  s t ruc ture  and may be  def ined  phys ica l ly  as 
26 
zll - - . .  
. .  
- 
,, z22 - 
(b/D*) (moment pe r  un i t  l eng th .  pe r  un i t  s lope  ac t ing  on  the  boundary  
s t r u c t u r e  needed .to produce a un i t  s lope  and  ze ro  de f l ec t ion  a t  the 
boundary) 
(b /D*) (moment p e r  u n i t  l e n g t h  p e r  u n i t  d e f l e c t i d n  a c t i n g  o n  t h e  
boundary Structure needed. to produce a u n i t  d e f l e c t i o n  and z,ero. 
s lope  a t  the boundary)' 
(b /D*) ( f o r c e  p e r  u n i t  l e n g t h  p e r .  u n i t  d e f l e c t i o n  a c t i n g  o n  t h e  
boundary structure needed to produce a u n i t  d e f l e c t i o n  and zero 
s lope  a t  the boundary) ' 
. .  . .  
. .  
2 
. .  
3 
Thus Zl l  and Z are r o t a t i o n a l  and l i n e a r   s t i f f n e s s e s   p e r   u n i t   l e n g t h ,  
r e s p e c t i v e l y ,  and Z12 i s  a s t i f f n e s s  c o u p l i n g  l i n e a r  and ro ta ry  d isp lacements .  
It i s  assumed tha t  these  s t i f fnesses  a re  independent  of  f requency .  
22 
I f  the boundary  s t ruc ture  is  f u r t h e r  assumed to be passive (no  energy 
sources)  and s t ab le  then  i t s  poten t ia l  energy  func t ion  must  be  pos i t ive  
def in i te .   Fol lowing  a procedure similar t o  t h a t  i n  s e c t i o n  2 o f  t h i s  
r e p o r t  o r  i n  r e f e r e n c e  [ 211, i t  may be shown t h a t  f o r  t h e  p o t e n t i a l  e n e r g y  
of  the  boundary  s t ruc ture  to  be p o s i t i v e  d e f i n i t e ,  t h e  f o l l o w i n g  r e s t r i c t i o n s  
on  the Z ' s  a re   r equ i r ed  i j  
z22  ' O : 5 1  222 - z12  > o  
In the  fol lowing discussion,  the boundary s t ructure  w i l l  be  taken  to 
be  pos i t i ve  de f in i t e  w i th  the  s ing le  excep t ion  o f  the case of a completely 
free  edge (Zll = Z12 = Z 2 2  = 0 ) .  
Assume a so lu t ion  to  eqn .  3 .1  in  the  form 
OD 
w ( x , y ,  t )  =I wn(x> s i n  (nrry/a>  eiwt 
n=l 
which, when subs t i t u t ed  in to  eqn .  3 .1  y i e lds  
(3.4) 
27 
Equation 3.5 may be uncoupled into the fol lowing set  of d i f f e r e n t i a l  
equat ions  by mul t ip ly ing  by s i n  (mlTy/a) dy  and i n t e g r a t i n g  from o t o  a. 
d4Wn nIl 2 d% 4 
dx dx  D 
- - 2 <a) - 4 2 n 
(3.6) * 
= (2Po/aD ) s i n  (nrryo/a) 6 (x  - xo) 
Equa t ion  3 .4  sa t i s f i e s  t he  two boundary condi t ions requir ing the edges 
y = o , a  to be  siplply  supported. The  two remaining boundary condi t ions are  
d %  
dx  
wn (0) = 2 (0) = 0 n 
d %  2 2 'n 
-b3 [- - v (9) WJ = b Z1 - 
dx 1 dx + '12 'n I x=b 
The solut ion to  eqn.  3 .6  is  s t r a igh t fo rward  and may be  found by 
several   methods.  The so lu t ion   which   sa t i s f ies   eqn .   3 .7  i s  
W (x) = A s inh   (qx /b)  + Bn s i n  ( p x / b )  n n 
where 
P 
4 
2 
2 
2 
2 
= w '  - Y  
= w '  + y 
(3.10) 
Y 
W '  
= n n   b / a  
= cub 2 (p h/D*)' (3.11) 
28 
Cn = (b Po/aD w ) s i n  (myo/a) 3 * 
i o  ' 
x < x  
0 
u(x-x ) = 
0 
1 ,  x > x  0 
The c o n s t a n t s  A , B  are chosen  to  sa t i s fy  the  r ema in ing  end  conditions,  n n  
eqn. 3.8, 3 .9 .   Subs t i tu t ing   eqn .  3.10 i n t o  3.8 a n d   3 . 9   r e s u l t s   i n  
D A + D12Bn = F1 11 n 
D A + D12B, = F2 21 n 
where 
2  2 
Dll = -(q - V y + Z12) S - qZll C 
2  2 
D12 = (p + V y - z12> s - P Z l l  
D21 = q(p + V y - Z12) C - z s 2  2 22 
D = - p  (4  - V y  +Z12) C - Z Z 2 S  2 2 
22 
c 
= ( l / q )   (4  - v y + Z12> S '  + Zll  C '  F1 
2  2 
+ ( l / P )  (P + v Y 2  - Z12) s '  2 - Zl l  c 1 )  cn 
F2 = {-(P + v y - Z12) C '  + ( l / q )  z22 S' 2  2 
- (q - v y 2  + Z12> c '  - ( U P )  z22 s f }  cn 2 
s = s i n   ( p )  
S = s i n h  (9) 
s 1  = s i n  p (1-x  /b) 
S' = s i n h  q (l-xo/b) 
0 
c = cos (p) 
C = cosh  (9) 
C '  = COS p ( l -xo/b)  
C '  = cash q (1-X  /b) 
0 
(3.12) 
The s o l u t i o n s  to eqns.  3.12 are 
29 
I f  
(z22s S '  + pq Zll = C ' )  
+ 4 [ ( W 2  - [ (14) y + Z 1 J 2  + z11222] (s c '  - s '  c )  2 
- p [ (q2 - v y 2 + Z12)2 - zllz22] c S' 
+ q [ (P + " y - Zl2I2  - Z11Z12] s C'} 2 2 
Bn = (Cn/p d e t  ( D ) )  { 2 W '  (Z22s1 S + pq Zl l  c '  C)  
+ P L b ' I 2  - [ ( 1 4 )  y 2  + Z1J2 + 211z22 ] k c '  - S' C) 
d e t  (D) = 2 W '  [ Z 2 2  s S + pq Zll  c C ]  
+ P [ (4 - v Y + Z12) - z11z22] 2 2 2 
(3.13) 
(3.14) 
(3.15) 
To c a l c u l a t e  t h e  (mth, nth)  resonant  response,   the  dimensionless 
frequency, a', or ,   equ iva len t ly ,   t he   d imens ion le s s  wavenumber, p,  is  
determined as the mth l owes t  roo t  ( fo r  f ixed  n )  o f  
d e t  (Dl) = 0 
where d e t  ( D ' )  i s  given by eqn.  3.15  with 6 = 0. A p l o t  of the resonant  
va lues  o f  p ,  ca l cu la t ed  in  th i s  manner ,  is  shown i n  f i g u r e  3 . 1  f o r  z 
= Z12 = 0, a wide  range of ZZ2 and seve ra l  va lues  of  m and n b/a. Note 
11 
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F i g u r e  3 . 1  D i m e n s i o n l e s s  Wave Number for a P l a t e   w i t h  One Edge E l a s t i c a l l y  
Supported.  
31 
t h a t  f o r  m = 1, n b / a  = 20, p i s  imaginary  for  Z < lo4 and 1pI  
is  shown as the  dashed  l ine.   Al though  not   shown.because  of   dif f icul ty .  
i n  numer i ca l  . ca l cu la t ion ,  t he  va lues  o f  p f o r  l a r g e  n b / a  (y >> p) may 
be determined analyt ical ly  to  approach the fol lowing l imits,  f o r  m 2 2, 
22 
p - (m-1) IT f o r  Z Z 2  < - q J - T v  y 2 3  
p -  m n  
The na tura l  f requency ,  W ,  of  the plate  corresponding to  any value of  p 
may be  ca l cu la t ed  wi th  the  f i r s t  and  the  fou r th  o f  eqns .  3 .11 ,  w i th  
5 = 0. 
Note t h a t  t h e  b o u n d a r y  s t r u c t u r e  s t i f f n e s s e s ,  Z i j ,  are  nondimensional 
quan t i t i e s   i nvo lv ing   p rope r t i e s   o f   bo th   t he   boundary  and the   p la te .   For  
example, i f  k 2 2  r e p r e s e n t s  t h e  l i n e a r  s t i f f n e s s  p e r  u n i t  l e n g t h  o f  t h e  
boundary  s t ruc ture  ( force  per  un i t  l ength  appl ied  to  the  boundary /  
d e f l e c t i o n  a t  the boundary) , then 
3 * 
Z 2 2  = b k22/D 
Now i f  2 i s  assumed to  be a r ea l  quan t i ty ,  k22  mus t  be p r o p o r t i o n a l  t o  22 
1 + ic , which i s  equiva1en.t to assuming a damping fac tor  for  the  boundary  
s t r u c t u r e  e q u a l  t o  t h a t  o f  t h e  p l a t e .  On the  o the r  hand , i f  t h e  boundary 
s t r u c t u r e  i s  n o t   t o   d i s s i p a t e   e n e r g y   t h e n  Z must   be  proport ional  to  
1 / ( 1  + i 5 ) .  
22 
A typ ica l  example  of  the  e f fec t  o f  energy  d iss ipa t ion  in  the  boundary  
s t r u c t u r e  i s  shown i n  f i g u r e  3 . 2 .  The magn i tude  o f  t h i s  e f f ec t  i s  de- 
pendent not only on the damping factor  of  the boundary s t ructure  and the 
mode o f  v i b r a t i o n  o f  t h e  p l a t e  b u t  a l s o  o n  t h e  v a l u e  o f  Z 
t akes  on  e i ther  of  i t s  extreme  values (0, m ) ,  t h e r e  i s  no e f f e c t  from 
22' If z22 
energy   d i ss ipa t ion   in   the   boundary .  The numer i ca l  r e su l t s  p re sen ted  
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+ 1.0 (boundary  damping factor = 0.0) 
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u = 0.3 
Figure  3 . 2  E f f e c t  of  Boundary Damping on the  Resonant  Response of a Plate 
with  one  Edge  Elas t ica l ly  Suppor ted .  
below are a l l  based on a boundary damping f a c t o r  e q u a l  t o  t h e  p l a t e  damping 
f a c t o r .  
The resonant   responses   of  a p l a t e  f o r  s e v e r a l  v a l u e s  o f  Z and two 
22 
d i f f e r e n t  modes o f  v i b r a t i o n  are shown i n  f i g u r e s  3 . 3  and 3.4. The 
dimensionless  displacement ,  W', p l o t t e d  is  def ined as 
(3.16) 
where 
W(XYY,t) = W(X,Y) e 
i w  t 
(3.17) 
and w(x ,y , t )  is  calculated  with  eqns.   3.4,   3.10,  3.13-3.15. The frequency 
w in eqn. 3.16 is  the resonant  f requency for  the given values  of  m,  n b / a ,  
v ,  and Z hence,  each  of  the  responses shown i n   f i g u r e s   3 . 3  and 3.4  occur 
a t  d i f fe ren t  f requencies  but  each  one  represents  the  peak  response  for  a 
22; 
par t icu lar   boundary   condi t ion  ( Z  ),  resonance  (m,n) and p l a t e   con f igu ra -  
t i o n  (v ,  b / a ) .  The displacement shown on   the   f igures   a re   those   a long   the  
l i n e  y = a/2n and, *hence, are a maximum wi th  r e spec t  t o  the  y coordinate .  
In  each  case ,  the  poin t  load  i s  appl ied a t  an antinode of the motion, the 
y coordinate  of  which i s  a/2n and x coordinate  is  ind ica t ed  by the arrow 
22 
on each plot .  
Several  sets  of  numerical  calculat ions were done to  check the con-  
vergence   o f   the   se r ies ,   eqn .   3 .4 .   In   the   ca lcu la t ions ,   the   p la te  damping 
f a c t o r ,  5 , was se t  equal  to  0 .01 and m ranged  from  1-5. The convergence 
o f  t h e  s e r i e s  was found to  improve wi th   increas ing   b /a .   For   b /a  = 0,  
the  ser ies  does  not  converge ;  for  b /a  = 0 .1 ,  t en  t e rms  in  the  se r i e s  
g ives  convergence  resu l t s  to  wi th in  1%; and , f o r  b / a  > 1, one  term i n  
t h e   s e r i e s  i s  s u f f i c i e n t .  The responses shown i n   f i g u r e s   3 . 3  and 3.4 
requi red  only  a s i n g l e  term in  the  se r i e s  fo r  conve rgence .  
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F i g u r e  3.3 Resonant  Response of a P l a t e   w i t h  One Edge E l a s t i c a l l y   S u p p o r t e d -  . 
Second Longi tudinal  Mode. 
P 
Figure  3.4 Resonant  Response of a P l a t e  w i th  One Edge Elas t ica l ly  Suppor ted-  
Third Longitudinal Mode. 
The r e sponse  o f  t he  p l a t e  fo r  Z22 = Q) , al though not  shown i n  f i g u r e  
3 . 3  and 3.4  is 
W' = s i n  (m TT x/b)  
The na tu ra l  f r equenc ie s  of  t hese  two c a s e s  a r e  w '  = 78.9,  128.6,  respect ively.  
It should   a l so  be  r marked tha t   t he   r e sponses   fo r  Z = i n   t h e s e  two 
f i g u r e s  a r e  e s s e n t i a l l y  t h e  same as those  for  Z22 = 0. 
22 
Table 3.1 shows a comparison of the peak resonant response, which i s  
W' evalua ted  a t  an antinode, X$ f o r  t h e  c a s e s  p l o t t e d  i n  f i g u r e s  3 . 3  and 
3 . 4 .  Note that   the   change  in   the  peak  resonant   response  as   the end 
condition changes from pinned to free i s  r e l a t i v e l y  s l i g h t  compared to  
the change in resonant frequency or Z The l a r g e s t  change i n  peak 
resonant  response occurs  as  the boundary condi t ion var ies  f rom pinned to  
a par t ia l ly  suppor ted  end .  Perhaps  the  most  in te res t ing  poin t  to  be  made 
from tab le  3 .1  is that   the   dimensionless   displacement ,  W' (x;) a t  an 
antinode is  r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  v i b r a t i o n  mode, m y  the  
f requency,  or  the boundary s t i f fness  Z It w i l l  be shown i n  t h e  
f o l l o w i n g  s e c t i o n  t h a t  t h i s  i s  t rue  in  gene ra l  i f  t he  na tu ra l  f r equency  
fo r  t he  r e sonan t  mode under  considerat ion i s  s u f f i c i e n t l y  d i f f e r e n t  from 
the remainder  of  the plate 's  f requencies .  
22' 
22 '  
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m = 2  
59.1  0.953 
2x10 64.4  0.832 
1 o3 73.5  0.95  
CO 78.9  1.000 
. 
m = 3  
z3 3 u)' W' (x+) W' (x$ 
10- 2 94.5  0.945  0.940
1 o3 112.4  0.824  0.830 
1 o4 126.6  0.978  0.978
co 128.6  1.000 1.000
Table  3.1 Peak resonant   response and frequencies  of a p l a t e  w i t h  
an   e l a s t i ca l ly   suppor t ed   edge .   (n   b / a  = 2, v = 0 . 3 )  
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4. NORMAL MODE APPROXIMATION TO THE DYNAMIC RESPONSE OF A PLATE WITH AN 
ELASTICALLY  SUPPORTED EDGE. 
A normal mode s o l u t i o n  f o r  t h i s  p r o b l e m  was developed previously and 
p r e s e n t e d  i n  r e f e r e n c e  [21]. An es t imate   o f   the   p la te   response  a t  
resonance may be had by employing only a s i n g l e  t e r m  of the normal mode 
ser ies   expans ion .  The term r e t a i n e d  i s ,  o f   cou r se ,   t he   l a rges t   t e rm  in   t he  
series. Employing t h e  r e s u l t s  o f  r e f e r e n c e  [21] f o r  UJ = w mn 
$ ( x )  = s in   (px /b )  - C sinh  (qx/b)  (4.2)
K = La ib Ccp<X,Y)l 2 dx dY (4.3) 
W = resonant   response a t  mth,   n th   natural   f requency 
The q u a n t i t y  C may be determined using eqn.  16 in  reference [ 211. 
This expression i s  cumbersome bu t  may be  s impl i f i ed  cons ide rab ly  i f  we 
f u r t h e r  assume Z = Z12 = 0. As t he   ca l cu la t ions   p re sen ted   i n   r e f e rence  
[ 211 demonstrated , Z l l ,  Z12 have a minor  e f fec t  on  the  resonant  response .  
Using  eqn.  16 in   r e f e rence   1211  and t ak ing  Z = Z = 0 
11 
11 12  
It was shown in  r e fe rence  [21 ]  tha t  t he  no rma l i z ing  f ac to r  K2, which 
is  p ropor t iona l  t o  the  gene ra l i zed  mass of the (mth, n t h )  mode, may be 
expressed as 
2 ab 2 2 K = - { 1 - C + 5 [" sinh  (2q)  - - s i n  (2p)] 1 4 4 P 
- 2  2 
P + q  
4c [ q s i n  p cosh q - p cos p s i n h  q] } (4.5) 
If the  change i n  t h e  end cond i t ion  is known, the  change i n  t h e  re- 
sponse of t h e  p l a t e  may be evaluated by f i r s  t determining the two values  
o f  p (one fo r  each  of the boundary condi t ions)  and then  computing  the 
two values   of  W us ing  equat ions  (4 .1  - 4.5) .  Such a procedure i s  not 
espec ia l ly  labor ious  but  there  a re  c i rcumstances  in  which  i t  i s  d e s i r a b l e  
t o  be  ab le  to  e s t ima te  the  l a rges t  poss ib l e  change  in  r e sponse  fo r  any  
change i n  a boundary  condition. To do this ,   the   "response" i s  taken  to  
be the  response a t  an  antinode  of  the  motion,  say (x , y ), and the  
poin t   load  i s  assumed t o  be   appl ied   a t   an   an t inode   a l so .  Under these 
condi t ions  the  d imens ionless  d isp lacement  W' ,def ined  in  eqn .  3 .16 ,  is 
* *  
Note t h a t  K , C ,  and q are dependent on p which i n  t u r n  i s  dependent on 
the  boundary  condition,  222. It i s  poss ib le ,   however ,   to   es tab l i sh  
limits on the range of p,  as fol lows.  
The de termina t ion  of  the  na tura l  f requencies  of  the  p la te  wi th  
a r b i t r a r y ,   b u t   p o s i t i v e  2 may be formulated  as a var ia t iona l   p roblem.  
That i s  
22 
where V(cp) i s  t h e  p o t e n t i a l  e n e r g y  s t o r e d  i n  t h e  p l a t e  and t h e  e l a s t i c  
boundary s t ructure  fo r  the  conf igu ra t ion  cp (x,y) and 
40 
I 
The function cp(x,y) is any  admissable  func t ion  (one  whkh sa t i s f ies  the  
geometric constraints:  cp(o,y) = cp(x,o) = cp(x,a) = 0) t h a t  r e n d e r s  
[V(ep)/T(cp)] s t a t i o n a r y .   T h e r e   a r e   a n   i n f i n i t e   s e t  of functions  which 
accompl i sh   t h i s ,   c a l l   t hem9  j = 1, 2, . . . . The e igenvalues   a re   g iven  1' 
by 
I f  t h e  one c o n s t r a i n t ,  cp (b ,y)  = 0,  i s  added t o  t h i s  problem  and i f  
the new e igenvalues   a re   l abe led  n 2  then,  according  to  Rayleigh's  theorem 
(see  re ference  [ 221,  pp.  70-71. 
j '  
w 2  n 2  s u) 2 
j j j + l  
o r ,   a l t e r n a t i v e l y ,  
2 2  2 
3 
a .  wj+l  * "j+l 
Thus t h e   ( j + l ) t h   f r e q u e n c y   f o r   a r b i t r a r y  2 l i e s  between  the  jth and the 
( j + l )  th f requencies  of  a plate  simply-supported  on  four  edges.  Taking 
the wave number i n  t h e  y d i r e c t c o n  t o  be fixed (n i s  cons t an t )  , then 
22 
o r  
5 p m+l 5 (mt1)l-r (4.7) 
Knowing the  range of p f o r  t h e  ( r ~ + l ) ~ ~  r e s o n a n c e ,  t h e  l a r g e s t  and 
sma l l e s t  va lues  o f  K may be  determined  as  follows.  If   eqn. 4 . 4  is  sub- 
s t i t u t e d  i n t o  4.5 and  terms of order  exp ( -2q)  are  ignored,  K may be 2 
4 1  
p u t  i n  t h e  form 
K 2 = - { l + - s i n p - p  ab c1 2 c2 s i n  p cos PJ 1 
4 q 
where 
2 2 [ y 2  + 2 Y  2 ) + p 
- P  + V Y  2 + V Y  
c l -  p 2 + (2-v)y2 2 p 2 + (2 2 l  - V ) Y  2 
P + Y  
2 p2 (p2 + v y ) c 2 = 1 +  
2 
(p + y 1 (P + (2 - V ) Y  1 2 2 2  2 
The maximum and minimum values  of K i n  the  r ange  (m-1) ITS p 5 mn 2 m 
are shown i n  f i g u r e  4 . 1  f o r  a wide  range  of y (or  nb /a  as i n  t h e  f i g u r e ) .  
To evaluate the change in $(x*) as 
n o t e  t h a t  t h e  p o s i t i o n  of the  an t inodes  
k 
n n L 
+ v y  q s i n  p 
4 - V Y  
L 
cos (pxi /b)  + p2 2 p s i n h  q 
zz2 ranges  from Z = 0 t o  Z22 = m y  
a r e  t h e  r o o t s  x* of  the equat ion k 
22 
cosh  (qx*/b) = 0 k (4.10) 
The second term i n  eqn.  4.10 i s  smal l  because  of  the  s inh  q i n  t h e  
denominator. . Thus the roots  of  eqn.  4 .10 w i l l  be nea r ly  equa l  t o  the  
r o o t s  of  t he   f i r s t   t e rm.   Le t  A d e n o t e   t h e   d i f f e r e n c e ,   t h a t  i s ,  
p x i / b  = (k - %)IT + A ; k = 1, 2, . . . m-1  (4.11) 
The r e s t r i c t i o n  k 5 m-1  fo r  t he  rnth resonance is  necessary because for  
small va lues   o f  Z x* > b y  which is  not   phys ica l ly   permissable .  22’ m 
The q u a n t i t y  A is  d i r ec t ly  to  the  change  i n  $ (x*).  Combining eqns. k 
4.2 and 4.4 
L 
$ ( x i )  - s i n  ( p x i / b )  + 2 2 s i n h  q s inh  (qxc/b)  
9 - V Y  
and,  combining this  with eqn.  4.10 
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I .oo 
.9 0 
.80 
F i g u r e   4 . 1  Maximum and Minimum Values  of t h e   G e n e r a l i z e d  Mass  Parameter of 
a P l a t e  w i t h  One Edge E l a s t i c a l l y  S u p p o r t e d .  
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$ (x$ - s i n  (p%/b) 
Assuming that   (q%/b)  i s  
i n  
- E tanh  (qxc/b)  cos  (pxc/b) 
l a r g e  and s u b s t i t u t i n g  e q n .  4 . 1 1  i n t o  4 . 1 2  r e s u l t s  
4 
(4.12) 
o r ,  f o r  small A 
The range  of  (pA/q) may be est imated as fo l lows .   Subs t i tu te   eqn .  
4 .11  in  4 .10  
Assuming both A and (qA / p )  a r e  small , expanding both functions of A i n  
s e r i e s  and r e t a i n i n g  o n l y  t h e  f i r s t  o r d e r  terms i n  A ,  and employing  the 
assumption made previously that  (qxE/b)  - (q/p)(k-+)n is  large,  eqn.  4 .14 
'may be  solved  for  A .  Thus 
(4.15) 
where 
A '  = (pA/q)  and 
2 x V V  2 s i n  p exp [ (k-+)n - qJ 1 z = p  
Q - V Y  
2 2 P 
Reca l l  t ha t  fo r  t he  mth resonance p = mn i f  ZZ2  = and t h a t  as Z Z 2  decreases  
to   zero,   (m-l)n 5 p 5 mn. Thus, fo r   t he  mth resonance, A I  e i t h e r   i n c r e a s e s  
from zero to a small p o s i t i v e  v a l u e  ( i f  s i n  p < 0) or  decreases  f rom zero  
t o  a small n e g a t i v e  v a l u e  ( i f  s i n  p > 0) .  The maximum range of A 1  as Z 
spans the range (0 , m )  is (0 , x) where 
22 
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An upper bound on \ Z  1 may be shown to 
where p1 = (m-l)rr 41 - - 
p2 = m= 
- 
42 - 
Equations 4.13, 4.16 and 4.17 may 
be 
91 1 
(4.16) 
(4.17) 
be  used to  es t imate  the  change  in  
4 ( x t )  as 2 ranges from 0 to   g iven   va lues  of m, k, v and y .  The  maximum 
and minimum values  o f  the general ized mass parameter,  (4k / a b ) ,  may be 
determined  from  figure  4.1.  The range  of W '  may then  be  calculated  using 
eqn.  4.6. 
22 
2 
For  example, l e t  y = 2n, v = 0.3,  m = 2 ,  k = 1, then 
P1 = n  
p2 = 2rr 
q1 = 3n 
92 = 2JTi-r  
Using  eqns.  4.17  and  4.16, 121 s 0.004  and E = -0.004. 
Thus 
0.996 g \ $ (xp)l s 1.0  (4.18)
From f i g u r e  4 . 1  
0.895 4k /ab 5 1.22 2 
Combining eqns. 4.6, 4.18 and 4.19, the range of W' may be determined 
0.81 W' (xf) 5 1.12 
(4.19) 
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A comparison of the exact values of W' ( x l )  as f i r s t  p r e s e n t e d  i n  t a b l e  
3.1 to  the  approximate limits calculated  with  eqns.   4.13,  4.16,  4.17 is  
shown i n  t a b l e  4.1. The lower limits show good agreement  with  the  exact 
values   but   the   upper  limits a re   conse rva t ive .  The r e a s o n  f o r  t h i s  is  t h a t  
the minimum values of 4K /ab which determine the upper l i m i t  on W' occur 
f o r  (m-1) IT S p .s (m-tr) IT or  the lower half  of  the possible  range of  p,  but  
t he  ac tua l  va lues  o f  p a re  concen t r a t ed  in  the  uppe r  ha l f  of  t he  r ange ,  a t  
l e a s t   f o r   t h e   c o n f i g u r a t i o n s  shown in   f i gu re   3 .1 .   Th i s  i s  not   genera l ly  
t r u e  f o r ,  a s  was no ted  in  the  d i scuss ion  o f  f igu re  3 .1 ,  p approaches  the 
lower l i m i t ,  (m-l)T,   for   large  nb/a  and small  Z Thus i t  is  expected 
fo r  t hose  conf igu ra t ions  in  wh ich  nb /a  i s  l a r g e  and Z Z 2  i s  small  that  the 
upper l i m i t  w i l l  be nearer  to  the  exac t  va lue .  
L 
22' 
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m = 2  
z22 W' <x;> L i m i t s  
" 
10-  0.953 
2X1O2 0.832  0 .81 5 Wl(x;) 1 .12  
lo3  0 .953  
m = 3  
Z 
22 W' (x?) L i m i t s  
0.945 
l o 3  0 .824   0 .82  5 W'( x ) 1.06  
lo4 0.978 
m = 3  
z22 W' (x*) 2 L i m i t s  
10- 0.940 
lo3  0.830  0 .79 5 W'(x5) 5 1 .06  
lo4 0.978 
Table 4 . 1  Comparison of Exact  Values of Peak Resonant 
Response  (nb/a = 2, V = 0 . 3 )  to Approximate L i m i t s .  
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5. CONCLUSION 
The following conclusions are drawn from the analyses presented above: 
(1) A f a i r ly  accu ra t e  e s t ima t ion  o f  t he  r ange  o f  t he  maximum resonant  
response  for  a change i n . a n  e l a s t i c  e d g e  r e s t r a i n t  o f  a s t r u c t u r e  may be 
had by using the predominant term of the principal mode expansion of the 
response .   This   l eads   to   an   express ion   for   the   d i sp lacements   in   t e rms   of   the  
gene ra l i zed  fo rce ,  gene ra l i zed  mass  and p r i n c i p a l  modes o f  f r e e  v i b r a t i o n  
of   the  s t ructure   (e .g .   eqns.  2.25 o r  4 . 6 ) .  I f   t he   va r i a t ions   o f   t hese  
t h r e e  f a c t o r s  f o r  a  change i n  end condi t ion  can  be c a l c u l a t e d  o r  b r a c k e t e d ,  
then the change in the response due to the change in end cond i t ion  may be 
determined. 
(2)  Applicat ion  of   the  procedure  just   descr ibed  to   es t imate   the max- 
imum resonant response of a f r ee -e l a s t i ca l ly  suppor t ed  un i fo rm beam ex- 
c i t e d  by a spa t ia l ly  uni form load  showed that  the major  change in  response 
is  due t o  t h e  v a r i a t i o n  i n  t h e  g e n e r a l i z e d  f o r c e  which vanishes as the 
e l a s t i c  r e s t r a in t  van i shes .  Es t ima tes  o f  t he  peak  r e sonan t  r e sponse  a s  
the end condi t ion  var ied  from  a  pinned  end  to a f r e e  end showed  good 
agreement  with an exact  solut ion.  
( 3 )  Applicat ion  of  (1) to   es t imate   the  maximum resonant  response of 
a p la te ,  p inned  on three edges and e l a s t i ca l ly  suppor t ed  on  the  fou r th ,  
exc i t ed  by a concent ra ted  force  lead  to  the  in t roduct ion  of  a dimensionless 
displacement, eqn. 4 . 6 ,  whose magnitude i s  re la t ive ly  independent  of  the  
v i b r a t i o n  mode ( fo r  modes higher  than  the  fundamental)  and  the end 
r e s t r a in t .  Es t ima tes  o f  t he  r ange  in  maximum resonant   response  as   the 
edge r e s t r a i n t  v a r i e d  from free to pinned showed  good agreement with the 
values  obtained by an exact solution. 
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APPENDIX 
Computer Programs 
I n  t h i s  appendix. .  the  Fortran I V  digi ta l  computer  programs used t o  
implement the ana lyses  p re sen ted  above are l i s t e d .  
1). Resonant  response of a free-elastically supported beam exc i t ed   by  a 
uniform simple harmonic load 
After the i n p u t  d a t a  i s  read ,  the resonant  wave number (kL) i s  de- 
termined by f i n d i n g  t h e  a p p r o p r i a t e  root of  the frequency determinant ,  
eqn .   2 .18 .   Us ing   th i s   va lue  of (kL) and  eqns.  2.17,  2.18  and 2.15,  the 
dimensionless  displacements  (eqn.  2.20) are c a l c u l a t e d  a t  twenty  one 
equa l ly - spaced  pos i t i ons  a long  the  beam. 
Input  Format 
One card  - Zll ,  Z12, Z21, Z22,  .c, a, m (6F10.0,  12) 
where Zll , Z12, Z21, Z 2 2 ,  are t h e  s u p p o r t  s t i f f n e s s e s  d e f i n e d  i n  e q n .  
2.5b and following 
5 i s  the beam s t r u c t u r a l  damping f a c t o r  
a i s  t h e  s u p p o r t  s t r u c t u r a l  damping f a c t o r  
m i s  a n  i n t e g e r  d e f i n i n g  t h e  o r d e r  o f  t h e  mode 
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C .RESONANT  RESPONSE OF A F R E E - E L A S T I C A L L Y  SUPPORTEO BEAM 
C E X C I T E D  6 Y  A U N I F O R M  S I M P L E   t 4 A R M O N I C   L O A D - - O U 1 3 1  
COMPLEX Z l l  ~ Z 1 2 9 Z 2 1   ~ Z ~ ~ ~ S H . C H I S * C * D L I  .012r021.022.0* 
I C ~ ~ C ~ , F ~ ~ F ~ * F , V I K X , K C . Z  
R E A L  K 9 NEW 9 K I  
COMMON Z l l P . Z 1 2 P , Z 2 1 P a P 2 2 P  
1 W R l T F ( 6 . 8 0 0 )  
8 0 0  F n R M A T f  1 RESONANT  RESPONSE O F  A F R E E - E L A S T I C A L L Y  S U P P O R T E D ' /  
1'  B E A M   E X C I T E D   R Y  A U N I F O R Y   S I M P L E  H A R M O N I C  L O A D ' /  
2' E X A C T   S O L U T I O N - - O U 1 3 1  ' / I  1
80 1 
C 
C 
C 
3 
4 
5 
6 
23 
21 
22 
24 
8 
103 
R E A D ( 5 . 8 0 1 )  ZllPrZl%PIZ21P.Z22P*GAMMA*ALPHA*NRES 
F O R Y A T t 6 F l O ~ O ~ I 2 )  
DETERMINE NATURAL FREQUENCY 
N= 0 
K=O. 1 
OLD =DETMT{O.OOl l )  
NEW=DETMT( K 1 
I F ( O L D * N E W ) 5 v R a 4  
K=K+O. 1 
OLD-NEW 
GO T O  3 
N= N+ 1 
I F ( N - N R E S ) Q I ~ , I  
DELK=O.  0 5  
K=K+DELK*nLD*NEW/  ABS (OLDSNEW 1 
N E Y = O E T M T ( K )  
I F ( O L O * N E W ) 2 1 . 8 . 2 4  
fF(DELK-0.00001 I998922 
D E L K = D E L K / 2 r  0 
GO T O  23 
OLD=NE W 
GO TO 21 
W R I T E ( 6 r   1 0 3 ) N R F S . K  
F O R M A T ( / / ' K L  FOR RESONANCE' 121' ='.€14.6// 1 
C 
C c E V A L U A T E  RESONANT  RESPONSE 
Z = C Y P L X f l  .O*GAMYA)/CMPLX(  IoO-ALPHA) 
71 1 =z11 P/Z 
Z 1 2 = 1 1 2 P / Z  
Z 2 1 = Z 2 1 P ( Z  
2 2 2 = 2 2 2 P / 2  
Z-CMPLX f 1 o O  9 G A Y M A )  
Z=CSQRT  Z) 
KC=K/CSQRT(  Z )  
S H = O o ~ * ( C E X P ( K C ) - C E X P ( - K C ) )  
C H = O o 5 + ~ C E X P ~ K C ~ + C € X ~ ~ - ~ C ~  1 
S=CSIN(KC)  
C=CCOS f KC 1 
01 l=SH-S+Zl  I * (C+CH)/KC +Z12*(S+SH)/KC**2 
Dl2=CH-C+Zl l * (SH-S) /KC  +%12*(CH+C) /KC**2  
D21=CH-C-Z21* (C+CH) /KC**2  -Z22* (S+SH) /KC**3  
D22=S+SH-Z21*(SH-S)/KC**2 “Z22*[C+CH)/KC**3 
F l = Z 1 2 / ( K C ) * * 2  
F2=-222/ ( K C  1 **3 
F = l  O/KC**4 
D = 0 1 1 * 0 2 2 - 0 1 2 * 0 2 1  
C I = ( F I * D 2 2 - F 2 * 0 1 2 ) / D  
C2=(F2*DZ l-Fl*DZl) /D 
WRITE<6*802)  
802 FORMAT( M A G (  W )  ARG( W) ‘ 1 )  
DO 30 1 = 1 * 2 1  
X=Oo O S * F C O A T (  1-1 1 
KX=KC*X 
W = C 1 * C S I N ( K X ~ + C 2 * C C U S ( K X ) + O 1 S * o * t E X P ~ K X ~  
1+0.5*~C2-C1)*CEXP(-KX)-loO 
WR=REAL(W) 
W1 = A I  MAG(  W )  
WMAG=SQRT(WR*WR+WT*WI) 
YARG=57.2957795*ATAN2(W I - W R )  
. I  
! 
i 
C 
C 
C 
80 2 
EVALUATE  RESONANT  RESPONSE 
Z = C M P L X ~ ~ . O I G A M V A ) / C M P L X ( I . O . A L P H A )  
Z 1 1 = % 1 1  P/Z 
21 2 = 2 1 2 P / Z  
22 I =22 I P(2 
2 2 2 = 2 2 2 P / Z  
%=CMPLX ( 1 r O  I GAMMA)  
Z=CSQRT( 2 )  
KC=K/CSQRT(Z)  
SH=O .5%( C E X P f   K C  )-CEXP (-KC) ) 
CH=0.5*(CEXP(KC)+CEXP(-KC)) 
S = C S I N ( K C )  
C=CCOS(KC) 
Dl l = S H - S + Z l I   * ( C + C H ) / K C   + 2 1 2 * ( S + S H ) / K C * * 2  
0 1 2 = C H - C + Z l l * ( S H - S ) / K C   + Z 1 2 * ( C H + C ) / K C * * 2  
021=CH-C"Z21*(  C+CH ) /KC**2  -222.*( S+SH) /KC*S3  
D22=S+SH-Z21t(SH-S)/KC**2 --Z22*(C+CH)/KC**3 
F l = Z 1 2 / f K C ) * * Z  
F 2 = - 2 2 2 / ( K C ) * * 3  
F = l .  O/KC**4 
0 = 0 1 1 * 0 2 2 - D 1 2 * 0 2 1  
C l = ( F 1 * 0 2 2 - F 2 * D 1 2 ) / D  
C 2 = ( F 2 f D t l - F 1 * 0 2 1 ) / D  
W R I T E < 6 * 8 0 2 )  
FORMAT(  MAG( W )  ARC( W) @ / I  
DO 30  I r l . 2 1  
X=O. OS*FCOATCI - l )  
KX=KC*X 
W = C l t C S X N ( K X   ) + C 2 * C C O S ( K X   ) + 0 1 5 * ( C 2 + C l   ) * C E X P ( K X )  
1+0 .5* tC2"Cl ) *CEXP( -KKX) -1 .0  
WR=REAL[W) 
W I = A I  MAG( W )  
WMAG=SQRT(WR*WR+WI*WI 1 
WARG=57.%95779S*ATAN2(W LIWR) 
i 
W R l T E ( 6 ~ 8 1 0  1 XIWMAG.WARG 
€310 F O R ~ A T ( F S . ~ , E ~ % . ~ ~ F ~ O ~ )  
30 C O N T I N U E  
GO TO 1 
E N D  
F U N C T   I O N  DETMT ( K 1 
REAL K 
CO'MMDN ~ 1 1 . ~ 1 2 ~ ~ 2 1 ~ 2 2 2  
C=COS ( K 1 
S=SI N( K) 
SH=O.S~(EXPCK)-EXP(-K)) 
CH=OoS*(EXP(K)+EXP(-K)) 
DETMT=EoO*S*CH*(Zl l+Z22/K**2I/K +2rOSC*SH*(ZlI-Z22/K**2 
1 ~ / K + 2 o O * ~ l o O + C * C H ~ ~ ( Z l 2 ~ Z 2 ~ - Z l l ~ Z % 2 ) ~ K ~ ~ 4  +%.O*S*SH* 
1(Z.l2+Z%1 )/K**2 +2.O*(CSCH-l.O) 
RETURN 
END 
2) Resonant  response  of a r e c t a n g u l a r  p l a t e  w i t h  o n e  e d g e  e l a s t i c a l l y  
supported 
Af te r  reading  and  reproducing  the inpu t  data, t he  na tu ra l  f r equency  
and dimensionless wave number f o r  t h e  mode being considered is  determined 
by  f ind ing  the  appropr ia te  root  of  the  f requency  de terminant ,  eqn .  3.15, 
by a s imple  i t e r a t ive  t echn ique .  The dimensTonless  displacement as de- 
f ined by eqns.  3.13, 3.14, 3.10,  3.4,  and 3.16 i s  ca l cu la t ed  a t  a number 
of e q u a l l y  s p a c e d  p o s i t i o n s  p a r a l l e l  t o  t h e  x - a x i s  
where 2 Z12,  Z22 are s u p p o r t   s t i f f n e s s e s   d e f i n e d   i n   e q n .  3.3 and  fol-  11’ 
lowing 
5 i s  t h e  p l a t e  s t r u c t u r a l :  damping f a c t o r  
v i s  t h e  p l a t e  P o i s s o n ’ s  r a t i o  
b / a  i s  t h e  p l a t e  a s p e c t  r a t i o  
x o J  YI, are the  coord ina te  o f  t he  app l i ed  load  
y i s  t h e  y coord ina te  of  the  d isp lacements  be ing  ca lcu la ted  
n, m are i n t e g e r s  d e f i n i n g  t h e  v i b r a t i o n  mode 
IWAX i s  t h e  number o f  terms i n  t h e  series, eqn. 3.4 
J”AX i s  t h e  number of  equal ly  spaced  poin ts  a t  which the displace-  
ment i s  t o  b e  c a l c u l a t e d .  
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C RESONANT 'RESPONSE OF A RECTANGULAR PLATE WITH ONE EDGE 
C E L A S T I C A L L Y   S U P P O R T E O   E X C I T E D  BY A C O N C E N T R A T E D   H A R M O N I C   L O A D  
C O U 1 5 4  
COMPLEX GAMMA.WPIP.Q.PS,QS*SH,~H.SHPICHP,S.C,SPICP* 
¶ W . P P * Q Q * A I B * D E T N I I   . W W * Z l l r Z 1 2 r Z 2 2  
R E A L  NUINEWI I
D I M E N S f O N  A ~ S O ) . B ~ 5 0 ) , W ( 5 O ~ ~ P P ( 5 0 ) ~ Q Q ( S O )  
CDMhilON Z l lP .Z12P,Z22P,BOA,NU9N 
S = t O . O * l r O )  
PT=3.1415927 
1 0  R E A D ( 5 . 7 0 1 )  Z l l P ~ Z 1 2 P ~ f 2 2 P ~ Z E T A ~ N U . R O A o X O . Y O . Y , N . N R E S ~ N ~ A ~ ~ J M A X  
701 F O R M A T < ~ F I ~ O ~ ~ ~ F ~ O O I ~ I ~ )  
W R I T E ( 6 , 7 0 0  1 
7 0 0  FORMAT(  1 RESONANT  RESPONSE OF A R E C T A N G U L A R   P L A T E  WITH ONEw/  
1 EDGE E L A S T I C A L L Y   S U P P O R T E D - - O U 1 5 4 w  / / I  
W R I T E ( 6 ~ 8 0 3 ) X O ~ Y O ~ Y ~ Z E r A  
GAMMA=CMPLXt 1.0 + Z E T A )  
2 1 I = t l  IP 
212=Zt2P 
Z22=Z22P 
803 F O R M A T ( '   L O A D  P O I N T  OF A P P L I C A T I O N *  X/B s ' q F 5 0 3 r '  Y / A  = ' a  
1 F 5 . 3 / *  LINE O F   C A L C U L A T I O N . Y / A  =**F5.3/' O A M P I N G   F A C T O R  = w s  
lF8.4) 
11 W R I T E ( ~ S ~ O ~ ) Z ~ ~ P ~ Z I ~ P ~ Z ~ ~ P ~ N U ~ ~ ! J A ~ N ~ N R E S ~ N M A X  
104 F O R M A T ( '  Z l l  ='rE1204. '  212 = ' r E 1 2 0 4 * '  222 = ' *EL2049 
11' PdISSONS R A T I O  ='rF6.3*'  B / A  = ' r F 6 0 3 * '  N ='*I%* 
I '  M = * * 1 2 w w  V M A X = ' s I 2 )  
C 
C 
C 
3 
4 
C A L C U L A T E   N A T U R A L   F R E Q U E N C Y  
NN=O 
OLD=DETMT(  0.0 1) 
WPP=5 0 
NE W=DETMT( WPP) 
I F ( O L D * N E W I 5 * 8 * 4  
WPP=WPP+SrO 
i 
OLD=NEW 
GO TO 3 
5 NN=NN+ 1 
IF (NN-NRES)4 ,6r  10 
6 DELWPP=2*5 
2 3  WPP=YPP+DELWPP*DLD*NEW/ABS~(OLD*NEW 1 
NE W=DE TMT ( WPP 1 
IF(OLO*NEW)21.0*24 
21 IFIOELWPP-0~00001*WPP)8.B.22 
22 DELWPP=DELWPPf2*O 
GO TO 23 
24 OLD=NEW 
GO TO 21 
8 W R T T E ( 6 9   I O ~ ) N * N R E S I  WPP 
103 FORMAT ( '  RESONANT OMEGA PRlME FOR N = * *  13.' M = ' s f 3 r  
I '  I S ' s E 1 4 * 6 f / )  
PPP=SQRT(WPP-(N*PI*BOA)**21 
W R l T E ( 6 s 1 0 5 ) P P P  
105 FORMAT('   RESONANT  P =' .E14.6/ / )  
C 
C EVALUATE  RESONANT  RESPONSE 
C 
WP=WPP/CSORT(GAYMA) 
PS=(N*PI*ROA)+*2+WP 
QS =-( N*PI *BOA)  **2+WP 
P=C SORT ( PS) 
Q=CSQQT ( O S  
P P ( N ) - P  
OQ ( N  1-Q 
DO 20 N=l*NMAX 
SH=0*5*(1 * O - C E X P ( - 2 * O * P ) )  
CH=O.S*( l *O+CEXP(-2mO*P)  1 
SHP=O*5* ICEXP{-P*XO  ) -CEXP(P*(  X O - 2 , O )  1 )  
CHP=O*S+(CEXP(--P*XO  )+CEXP(P*<XO-2.0) 1 )  
S = - I * O * 5 * ( C E X P (   I * Q - P ) - C E X P ( - I + Q - P ) )  
C= O * S t ( C E X P (   I * Q - P ) + C E X P ( - - I * Q " P )  

u) 
W 
REAL NU 
COMMON Zllrf12~Z22~BOA~NU~N 
PI=3.1415927 
PS=N*NSPI *PI  *BOA*ROA+WP 
P=SQRT (PS 1 
OS=-N*N*PI*PI*BOA*BOA+WP 
I F ( Q S )  1.292 
1 Q=SORT(-QS) 
S=Oo5*(EXPtQ )-EXD(-Q 1) 
C=OoS*(EXP(Q )+EXP(-Q 1 )  
GO TO 3 
2 . O=SQRT (0s) 
S=S IN( Q 1 
c=cm ( Q 
3 S H ~ O ~ 5 * ~ l ~ O ~ E X P ~ - 2 o O * P ~ )  
CH=O.S*< l.O+EXP(-2.O*P) 3 
R=(1 o O ” J ) * ( N * P T * B O A ) * * 2  
OETMT=O*((R+WP+Z12 ) * * 2 - Z l l * Z 2 2 ) * S H * C - P * ~ ( ~ - W P + ~ 1 2 ~ * * 2 - 2 1 1 * 2 2 2 ~  
l*S*tH+2oO*WP*(Z22*S*SH+Q*Zl l*C*CH) 
RETURN 
END 
I 
